Abstract -In this paper numerical methods for solving 'fuzzy partial differential equations'(FPDE) is considered. Fuzzy reachable set can be approximated by proposed methods with complete error analysis which is discussed in details. The methods are illustrated by solving some linear and nonlinear FPDE.
Introduction
Knowledge about dynamical systems modeled by differential equations is often incomplete or vague. For example, for parametric quantities, functional relationships, or initial conditions, the well-known methods of solving FPDE analytically or numerically can only be used for finding the selected system behavior, e.g., by fixing unknown parameters to some plausible values. However, in this way it is not possible to characterize the hole set of system behaviors compatible with our partial knowledge. It motivates us all such systems as Fuzzy Input-Fuzzy Output (FIFO) systems. Here, we are going to "operationalize" our approach, i.e., we are going to propose a method for computing approximate solution for a fuzzy partial differential equation using numerical methods. Since finding this set of solutions analytically does only work with trivial examples, a numerical approach seems to be the only way of "solving" such problems. The topics of fuzzy differential equations which attracted growing interest for some time, in particular, in relation to fuzzy control, have been rapidly developed in recent years. Also the topics of numerical methods for solving fuzzy differential equations have been rapidly growing in recent years. Introduction to FPDE is presented by J. Buckley and T. Feuring in [2] . The paper is organized as follows:
In Section 2 some basic definitions and results on fuzzy numbers and definition of a fuzzy derivative, which have been discussed by S. Seikkala in [4] . In Section 3 we define the problem, which is a fuzzy partial differential equation where a numerical solution is the main interest of this work. The difference method for fuzzy partial differential equation is discussed in Section 4. The proposed algorithm is illustrated by solving some examples in Section 5 and conclusions are drown in Section 6.
Preliminaries
We begin this Section with defining the notation we use in the paper. We place sign the tilde over a letter to denote a fuzzy subset of real numbers.
We write A(x), a number in [0, 1] , for the membership function of A evaluated at x. An α−cut of A, written A[α], is defined as {x| A(x) α}, for 0 < α 1.
The triangular fuzzy number N is defined by three numbers a 1 < a 2 < a 3 , where the graph of N (x) , the membership function of the fuzzy number N , is a triangle with the base on the interval [a 1 , a 3 ] and vertex at x = a 2 . We specify N as (a 1 /a 2 /a 3 ). We write: 
3. A fuzzy partial differential equation 
The fuzzy function U maps I 1 × I 2 into fuzzy numbers. Also, let C = ( c 1 , . . . , c m ) with c i being triangular fuzzy numbers in the intervals
We assume that the U (x, y; α) and U (x, y; α) have continuous partial derivatives so that
for all (x, y) ∈ I 1 × I 2 , and all α. If for each fixed (x, y) ∈ I 1 × I 2 , Γ(x, y; α) defines the α−cut of a fuzzy number, then we will say that U (x, y) is differentiable. Sufficient conditions for Γ(x, y; α) to define α−cuts of a fuzzy number are:
Consider the system of partial differential equations
for all (x, y) ∈ I 1 × I 2 and all α ∈ [0, 1], where
We append to equations (3.3) and (3.4) any boundary conditions, for example, if they are
to equation (3.3) and
Let U (x, y; α) and U (x, y; α) solves equations (3.3) and (3.4), plus the boundary equations, respectively. If
is the solution for (3.1), see [2] . Let be the reachable set that is,
the set , consists of more than one element, that is we have a bundle of trajectories, [3] .
Difference methods
In this section we solve the three types of FPDE as numerically.
Finite difference Poisson equation
Consider the fuzzy elliptic partial differential equation (Poisson)
where
and S denote the boundary of R. We must solve the following problems:
for (x, y) ∈ S. Now we solve problems (4.2) and (4.3) numerically so that the first step is to choose the integers n and m and define the step size h and l by h = M 1 /n and l = M 2 /m where
We obtain the difference method by using the Taylor series in x and y for (4.2) and (4.3), see [1] , to form the difference quotient 
and also
and
10) 
14)
Using formulas (4.4) and (4.5) in (4.2) and (4.13) and (4.14) in (4.3), respectively, allows us to express the Poisson equations at the point (x i , y j ) as 
Backward difference heat equation
Consider the fuzzy heat equation which is an example of the fuzzy parabolic equations.
where F (t, x, K) = 0 subject to the conditions
By using the Taylor series in t ∂U ∂t
If we use equations (4.4) and (4.5) and (4.20) and (4.21) in (4.18) and (4.19), we obtain this difference equations which constitute Crank-Nicolson Method
The grid points are (x i , t j ), where
Finite difference wave equation
Consider the wave equation, which an example of a hyperbolic fuzzy partial differential equation. The fuzzy wave equation is given by the differential equation
where β is a constant. We have two problems
(4.25)
Using equations (4.4) and (4.5) in (4.24) and (4.13) and (4.14) in (4.25), respectively, leads to the difference equations 
Examples
Example 5.1. Consider the fuzzy Poisson's equation 
The exact solution for T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T Example 5.2. Consider the fuzzy parabolic equation
with the boundary conditions
The exact solution for 
